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Abstract. DNA sequence analysis methods, such as motif discovery,
gene detection or phylogeny reconstruction, can often provide important
input for biological studies. Many of such methods require a background
model, representing the expected distribution of short substrings in a
given DNA region. Most current techniques for modeling this distribu-
tion disregard the evolutionary processes underlying DNA formation.
We propose a novel approach for modeling DNA k-mer distribution that
is capable of taking the notions of evolution and natural selection into
account. We derive a computionally tractable approximation for esti-
mating k-mer probabilities at genetic equilibrium, given a description of
evolutionary processes in terms of fitness and mutation probabilities. We
assess the goodness of this approximation via numerical experiments. Be-
sides providing a generative model for DNA sequences, our method has
further applications in motif discovery.

1 Introduction

From the very early days of bioinformatics, the computational analysis of DNA
sequences has been one of its primary focuses. Genomic sequence is believed
to literally define most of the key aspects of each organism’s life and develop-
ment. However, the sheer size of genomic data makes a manual human analysis
practically impossible.

The information in the DNA can be viewed and analyzed at various levels of
abstraction, from the large modules such as chromosomes and genes correspond-
ing to perceivable phenotypic traits, down to short codes or motifs guiding the
low-level chemical processes. In this work we turn our attention to the latter,
and address the problem of modeling the distribution of short substrings (i.e.
k-mers) in the genomic regulatory regions.

Understanding and modeling the distribution of short substrings is often the
key element in the analysis of DNA regulatory regions, because it provides a
concise description of the most relevant “regulatory codes” exploited by the
organism. For example, some short substrings are generally known to directly
induce the expression of the nearby genes. Others act as repressors or indirect
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switches [1]. Therefore, the problem of modeling the low-level substring distri-
bution is an important step for further analysis, such as motif discovery and
phylogenetics. This problem is most commonly referred to as background mod-
eling and so far quite often overlooked in favor of rather simplistic approaches
limited to 1-mer (i.e. single-nucleotide) frequencies only.

So far most of the probabilistic k-mer models have been based on either purely
phenomenological ideas (i.e. HMMs), or loosely related to chemical binding en-
ergy models (i.e. PWMs) [2]. Despite the undoubted practical usefulness, the
abovementioned models are, however, incapable of incorporating the question of
how could such a distribution arise in the regulatory region in the first place.

In this work we present a novel modeling framework for relating the process
of evolution and natural selection to the k-mer distribution expected to arise
in the corresponding population as a result of this process. More precisely, we
examine the situation where the fitness, i.e. the expected number of offspring
of the individual with a given regulatory sequence is related to the features
present in the sequence, such as the counts of certain substrings. We then derive
a computationally tractable way of inferring the expected k-mer distribution for
the given fitness function and sequence mutation rates.

The corresponding model is reasonably general and can be used to incorporate
more complex evolutionary assumptions into various DNA analysis methods.
The reasons for including these assumptions are twofold. Firstly, introducing a
strong inductive bias into low-level models (background) can result in better
precision of the higher-level pattern analysis and motif discovery algorithms
[3]. Secondly, the background and higher-level patterns can be handled by a
single model as both are products of evolutionary processes. By matching the
model to data it is possible to learn something about these processes. Mustonen
and Lässig provide a cross-species model with transcription factor binding sites
under selection and background in neutral evolution [4]. Similar methods have
been used for analysing binding site turnover [5,6,7]. Our approach uses a single
species but allows for more complicated evolutionary models by defining the
fitness and mutation functions.

The incorporation of evolution, even in its most simple form, can lead to
computationally expensive procedures. We propose simplifications, which make
the computations tractable and yet still provide a close approximation when
tested numerically.

We believe our model provides a novel view on the problem of modeling
DNA substring distribution and has a potential for further development and
applications.

2 Methods

2.1 Evolutionary Model of DNA Regulatory Regions

It is known that the formation of DNA sequence is mainly driven by evolution.
Genomic sequence mutates from generation to generation, and the less successful
variants tend to stage out in favor of the more successful ones. We consider the
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influence of this process on a single regulatory region, e.g. a promoter of some
gene. We assume that the fitness of a given region (i.e., its expected number
of offspring) is largely determined by a number of certain functional elements
in the region. In this case the evolutionary process will necessarily impose some
nontrivial k-mer distribution on the corresponding DNA region in the whole
population. Our goal here is to compute this distribution from the information
about the important features and their influence on promoter’s fitness, taking
into account the sequence mutation rates.

Formally, let us fix a promoter region of length n. Suppose we know that the
expected average number of offspring for an individual with sequence s in this
promoter region is fs, for all s ∈ An, where A = {A, C, G, T}. We shall refer to f
as the fitness function. Suppose we also know the probability mt→s of sequence t
at this region mutating into a sequence s within one generation. Let the expected
proportion of individuals with promoter sequence s in a population be ps, for all
s ∈ An. We say that this population is in genetic equilibrium, if the expected
proportion of individuals with sequence s in the offspring population p′s is equal
to ps. Note that we assume reproduction to be performed before mutation. All
of the following results could also be proven for the opposite order, yet the
equilibrium probabilities would be different.

2.2 The Equilibrium Distribution

We shall now prove that the equilibrium of the promoter sequence distribution
exists and is uniquely determined under very general assumptions. To do that
we first derive a formula to calculate p′ from p. For a population of size i, the
expected number of individuals with sequence t is i · pt. The expected number
of offspring for these individuals is i · pt · ft. As any sequence t can mutate
into sequence s with probability mt→s, the expected number of offspring with
sequence s is

∑

t∈An

iptftmt→s. In order to get the expected proportion of sequence

s in the offspring population, we have to divide by the size of the new population:

p′s =

∑

t∈An

iptftmt→s

∑

u∈An

∑

t∈An

iptftmt→u
=

i
∑

t∈An

ptftmt→s

i
∑

t∈An

ptft

∑

u∈An

mt→u
=

∑

t∈An

ptftmt→s

∑

t∈An

ptft
,

where
∑

u∈An

mt→u = 1 because it is the probability of t mutating into any other

sequence, including itself. We can now prove the following theorem.

Theorem 1. Let n ∈ N, fs > 0 for all s ∈ An, and mt→s > 0 for all s, t ∈ An.
Then there exists a unique probability distribution pEQ = (pEQ

s )s∈An with pEQ
s > 0

for all s ∈ An, and
∑

u∈An

pEQ
u = 1, such that the equilibrium condition holds:

pEQ
s =

∑

t∈An

pEQ
t ftmt→s

∑

t∈An

pEQ
t ft

, (1)
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Proof. Let us convert the formula (1) to a matrix form. For that we define an
|An|× |An| matrix E = (est)s,t∈An with est = ft ·mt→s. Now (1) is equivalent to

λpEQ = EpEQ, (2)

where

λ =
∑

t∈An

pEQ
t ft. (3)

It remains to prove that the matrix E has a unique eigenvector pEQ with positive
components, having the sum of components equal to 1, and the corresponding
eigenvalue λ satisfies the constraint (3).

As all the elements of matrix E are positive, we can apply the Perron-
Frobenius theorem, stating that real matrices with positive entries have a unique
largest real eigenvalue and that the corresponding eigenvector has strictly posi-
tive components. Furthermore, it states that this eigenvector is the only eigen-
vector with strictly positive components. After scaling this eigenvector so that
its components would sum up to 1, we have obtained the required pEQ. It remains
to prove that the corresponding eigenvalue λ satisfies (3). This can be shown by
summing up the components of vectors on both sides of the equation (2). On
the left we get λ as the components of pEQ sum up to 1. On the right we get the
required expression:
∑

s∈An

∑

t∈An

estp
EQ
t =

∑

s∈An

∑

t∈An

pEQ
t ftmt→s =

∑

t∈An

pEQ
t ft

∑

s∈An

mt→s =
∑

t∈An

pEQ
t ft,

because
∑

s∈An

mt→s = 1. ��

The following theorem expresses pEQ in terms of the fitness function and muta-
tion probabilities.

Theorem 2. Let n ∈ N, fs > 0, ms→t > 0, p
(0)
s ≥ 0 for all s, t ∈ An, and

∑

u∈An

p
(0)
u = 1. Further, let p

(i)
s be defined for each i ∈ N and s ∈ An as follows:

p(i)
s =

∑

t∈An

p
(i−1)
t ftmt→s

∑

t∈An

p
(i−1)
t ft

. (4)

Then the limit pEQ = lim
i→∞

p(i) exists and satisfies the equilibrium condition (1).

Proof. As in the proof of Theorem 1 we represent the equilibrium problem as the
eigenvector problem for matrix E. We have to prove that our iterative process
converges to the only positive eigenvector of E, which gives us the equilibrium
distribution according to Theorem 1. Since by Perron-Frobenius theorem the
positive eigenvector corresponds to the largest eigenvalue, we can apply the
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power iteration method to find vector pEQ. At step i the original power iteration
method divides the vector Ep(i) by its length, whereas in our iterative definition
(4) we divide it by the sum of its components to obtain a probability distribution.
Both methods are just different normalizations, and reach the same equilibrium
eigenvector, up to a multiplicative constant. Thus, the limit distribution pEQ

exists and satisfies the equilibrium condition (1). ��

2.3 Substring Distribution at Equilibrium

For studying the substring distribution we first introduce some notation. For
two strings a and b we denote their concatenation by a · b. For any sequence s let
sk

j denote its substring of length k starting at location j. We regard sequences
as cyclic, that is, the substring that reaches the end of the sequence wraps to
continue from the beginning. Further we define the shift operator “�”, such that
s � i denotes the sequence obtained from s by removing the last i nucleotides
and inserting these at the beginning.

In order to express the substring distribution in a usable form, we need to
make assumptions about the fitness function f and mutation probabilities m.
Namely, for f we assume shift invariance, that is fs = fs�i for all s ∈ An and
i ∈ N. This holds, for example, if fitness is measured by the number of occurences
of some substring in the sequence. For m we assume that ma·s→b·t = ma→b ·ms→t

for all 1 ≤ k ≤ n, a, b ∈ Ak and s, t ∈ An−k. In other words, we assume that
mutations at different parts of the sequence are independent. From this it follows
that m is also shift invariant. As the proportions in the equilibrium population
are computed directly from the fitness function and mutation probabilities, these
must also be shift invariant, that is, pEQ

s = pEQ
s�i.

Suppose we now pick a substring of length k from a random location in the se-
quence of a random individual from the equilibrium population. The probability
to get substring a can be calculated as follows:

Pr(a) =
∑

s∈An

pEQ
s

n∑

j=1

1
n
· [sk

j = a] =
∑

s∈An

1
n

n∑

j=1

pEQ
s · [sk

j = a],

where [sk
j = a] is defined as 1 if sk

j = a and 0 otherwise. Note that sk
j = a if

and only if s = (a · t)�j for some t ∈ An−k. The above equality can now be
rewritten:

Pr(a) =
∑

t∈An−k

1
n

n∑

j=1

pEQ
(a·t)�j =

∑

t∈An−k

1
n

n∑

j=1

pEQ
a·t =

∑

t∈An−k

pEQ
a·t.

In other words, the probability of k-mer a in the equilibrium substring distribu-
tion is equal to the total proportion of all sequences starting with a. Due to this
fact we introduce the following notation:

pEQ
a := Pr(a) =

∑

t∈An−k

pEQ
a·t. (5)
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Computing the equilibrium substring distribution directly from (4) and (5) is in-
tractable as the time complexity is exponential in n. Therefore, we propose an al-
ternative method for estimating this distribution. For each k-mer a, we can write:

pEQ
a

(5)
=

∑

s∈An−k

pEQ
a·s

(1)
=

∑

s∈An−k

∑

t∈An

pEQ
t ftmt→a·s

∑

t∈An

pEQ
t ft

(t=b·u)
=

∑

s∈An−k

∑

b∈Ak

∑

u∈An−k

pEQ
b·ufb·umb·u→a·s

∑

b∈Ak

∑

u∈An−k

pEQ
b·ufb·u

=

=

∑

s∈An−k

∑

b∈Ak

∑

u∈An−k

pEQ
b·ufb·umb→amu→s

∑

b∈Ak

∑

u∈An−k

pEQ
b·ufb·u

=

∑

b∈Ak

mb→a

∑

u∈An−k

pEQ
b·ufb·u

∑

s∈An−k

mu→s

∑

b∈Ak

∑

u∈An−k

pEQ
b·ufb·u

=

=

∑

b∈Ak

mb→a

∑

u∈An−k

pEQ
b·ufb·u

∑

b∈Ak

∑

u∈An−k

pEQ
b·ufb·u

.

We now approximate

∑

u∈An−k

pEQ
b·ufb·u ≈ pEQ

b

|An−k|
∑

u∈An−k

fb·u , (6)

which essentially means replacing all terms pEQ
b·u within the sum by their average

over u ∈ An−k. Although not strongly supported by theoretical considerations,
the numerical experiments indicate that this approximation is quite good. We
further denote fb := 1

|An−k|
∑

u∈An−k

fb·u, as this is the average fitness of all se-

quences starting with substring b. Note that this does not conflict with the
notation of the original fitness function, as for the full sequence s the sum on
the right has only one element, fs itself. The approximation (6) can now we be
written down as follows:

pEQ
a ≈

∑

b∈Ak

mb→apEQ
b fb

∑

b∈Ak

pEQ
b fb

.

which matches exactly the original equilibrium condition (1), yet now it is for
substrings of length k. According to Theorem 1 there exists a unique distribution
pEQk , which for any k-mer a satisfies the following condition:

pEQk
a =

∑

b∈Ak

pEQk

b · fbmb→a

∑

b∈Ak

pEQk

b fb

.

It is therefore natural to use pEQk
a as an approximation to pEQ

a .
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The practical calculation of pEQk can now be performed in two steps:

– estimating fb= 1
|An−k|

∑

u∈An−k

fb·u for all b ∈ Ak by random sampling over u;

– finding pEQk using Theorem 2, i.e. using power iteration on a |A|k × |A|k
matrix.

For the case of DNA sequences (|A| = 4) this calculation is realistic up to k = 8
or so.

3 Experiments

In order to check the applicability of our approximations we have performed
experiments to compare the distributions pEQ and pEQk . As calculating the exact
distribution pEQ is computationally very demanding, we restricted ourselves to
the alphabet of size 2, i.e. A = {A, C}, and to the promoters of length n =
8. At each site independently, the probability of a mutation from A to C or
from C to A was r, we tested values r = 10−0.4, 10−0.6, 10−0.8, . . . 10−3.0. As
explained later, smaller values of r lead to very similar results due to convergence
of the distribution. Because of independent point-mutations the probability of a
sequence s mutating into sequence t was ms→t = rΔ(s,t)(1 − r)n−Δ(s,t), where
Δ(s, t) is the number of positions where s and t have a different nucleotide. The
fitness of a sequence was dependent on the number of times a certain substring
q occurred in the sequence, we tested q = AC, AAC, AACA. Altogether we used
nine different measures f as for each of the substrings q we tested the following
three strategies:

(S1) sequences with i occurrences of q had fitness i + 1;
(S2) sequences with 0 or 1 occurrences of q had fitness 1, others had fitness 2;
(S3) sequences with 0 occurrences of q had fitness 2, others had fitness 1.

For each mutation rate r (14 values), each fitness function f (9 values), and each
k = 1, 2, . . . , 6 we found the k-mer distribution for the exact equilibrium pEQ

and the approximation pEQk , altogether 14 · 9 · 6 = 756 pairs of distributions.
To evaluate the approximated distribution we found the Pearson correlation

coefficient with the exact distribution as well as the Kullback-Leibler divergence
per position (KLdpp) defined as follows:

KLdpp =
DKL(pEQ||pEQk)

k
=

1
k

∑

a∈Ak

pEQ
a log

pEQ
a

pEQk
a

.

The results did not show significant dependence of approximation error on the
choice of the fitness function and value k. The precision of approximation was
mainly dependent on the mutation probability r. Figure 1 plots the correlation
and KLdpp for all experiments for different values of r.

To get some idea about how the exact and approximate distributions change
with r we plotted the distributions for q = AAC, fitness strategy (S2), n = 8,
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Fig. 1. The effect of point-mutation rate r on the approximation quality measured
as Kullback-Leibler divergence per position and correlation between the exact and
approximated distributions. Each circle denotes an experiment with a different set of
parameters.
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Fig. 2. The exact and approximate 3-mer distributions for point-mutation rates r =
0.1, 0.03, 0.01 where fitness is defined with strategy (S2) for substring q = AAC

k = 3, and r = 0.1, 0.03, 0.01 (see Figure 2). For mutation rate r = 0.1 the
approximation is almost perfect and is gradually becoming worse with decreasing
r. Still, the correlation between the exact and approximate distribution remains
quite high, which is confirmed in Figure 1 where all correlations are above 0.4.
High Kullback-Leibler divergence for small values of r is apparently caused by the
substrings with moderate true frequency but very low approximated frequency,
such as ACA in Figure 2.

Figure 2 also illustrates the convergence of the exact distributon with decreas-
ing r, as the distributions of r = 0.03 and r = 0.01 are highly similar. The same
holds for the approximated distributions, explaining why approximation errors
for r = 10−2.8 and r = 10−3 have extremely similar patterns in Figure 1.
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4 Discussion

In this work we presented a novel approach to modeling DNA substring distribu-
tion that is based on an evolutionary model. We have derived a computationally
tractable approximation for estimating the k-mer distribution from the descrip-
tion of the process, and verified that the approximation is fairly precise. This
allows to use the model in generative settings as well as for significance compu-
tations in motif discovery procedures.

The major merit of the approach lies in the fact that it provides a sound way of
incorporating evolutionary assumptions and prior knowledge into further analy-
ses. Introduction of such inductive bias opens up novel possibilities of application
for sequence analysis algorithms. To be more precise, consider the case of motif
discovery from promoter sequences. This task is often solved by searching given
DNA sequence data for short significantly overrepresented substrings [8]. Sig-
nificance here denotes a measure of deviation of observed substring frequencies
from a certain null-model – a presumed distribution of substrings, which could
be explained using prior knowledge only. For example, if we presume that a given
DNA region is inherently rich in CG-pairs, we shall not be surprised to find that
a substring CGCGCG is frequent. On the other hand, detecting a similarly frequent
substring ATATAT might be interpreted as a presence of something, which cannot
be explained using previous knowledge only, i.e. an overrepresented motif.

Many contemporary motif discovery methods are rather unsophisticated in the
way of modeling prior knowledge, using just the single- or di-nucleotide distribu-
tion for their background model [9]. This may result in spurious discoveries, such
as detecting multiple versions of a single motif or just some generic sequence fea-
tures. Other methods use the set of background sequences [10,11], or a higher-order
HMM [12,3] to model prior knowledge. The drawback of this approach is that it
requires many sequences “of the same kind” to estimate the model. Yet it is of-
ten not clear which regulatory sequences may be modeled as being from the same
kind. Therefore further assumptions, such as co-regulation or co-expression must
be made. In our method we essentially provide a set of evolutionary assumptions,
which may be used instead. Given these assumptions only, a background model of
k-mer distribution can be computed, incorporating the information about which
sequence features are already known to be significant.

Another natural way of regarding our method is just as a purely genera-
tive model for DNA sequences. Indeed, the marginal k-mer distribution can be
straightforwardly extended to a generator of arbitrary-length substrings satis-
fying this distribution [3]. The need for such generators of “random” DNA se-
quences arises often in connection with testing and analysis of various algorithms,
and a number of tools have already been developed for this purpose. Some of
these proceed by simulating evolution [13], some focus on simulating alignments
[14], and yet others propose ways of planting randomized motifs [15]. Our model
can account for motifs and evolutionary aspects simultanously through the fit-
ness and mutation functions. For modelling gene promoter regions our model can
in principle aggregate such information as the transcription factor binding motifs
and their combinations [1], nucleosome positioning code [16] and CpG mutation
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rates [17]. While defining the fitness function is mostly a biological endeavor, the
mutation function can require more mathematical effort, as exemplified in the
Experiments section.

The open problem which yet remains to be solved is the question of efficient
estimation of model parameters from data, as this could open new possibilities
and application areas both in sequence analysis as well as the study of DNA
evolution. Or in other words, what information can we extract from the sub-
string distributions, assuming genetic equilibrium? Another interesting question
is related to the possibility of improving the precision of the approximation
(6), especially for smaller mutation rates, perhaps by incorporating higher-order
terms, and yet still keeping the computations tractable.
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