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So far...

» Machine learning is important and
Interesting

» The general concept:

Fitting models to data
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So far...

» Machine learning is important and

Interesting
» The general concept:

Searching for the best
model fitting to data
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So far...

» Machine learning is important and
Interesting

» The
" Optimization —
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. Optimization is important
2. Optimization is possible
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. Optimization is important
2. Optimization is possible™

* Basic techniques
Constrained / Unconstrained
Analytic / lterative
Continuous / Discrete
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Special cases of optimization

» Machine learning
> ...
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» Machine learning

» Algorithms and data structures

» General problem-solving

» Management and decision-making
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Special cases of optimization
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» Machine learning

» Algorithms and data structures

» General problem-solving

» Management and decision-making
» Evolution

» The Meaning of Life?
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Optimization task

Given a function

f(x):x—
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find the argument x resulting in the optimal

value.
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Constrained optimization task

Given a function

f(x):x—R

find the argument x resulting in the optimal
value, subject to

x €(C
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Optimization methods

In principle, x can be anything:

» Discrete
Value (e.g. a name)
Structure (e.g.a graph, plaintext)
Finite / infinite

» Continuous™

Real-number, vector, matrix, ...
Complex-number, function, ...
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Optimization methods

In principle, f can be anything:

» Random oracle
» Structured

» Continuous

» Differentiable

» Convex
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Optimization methods

Type of X

Discrete

Continuous

Knowledge about f

Not much

A lot

Combinatorial
search:

Brute-force,
Stepwise, MCMC,

Population-based, ...

Algorithmic

Numeric methods:

Gradient-based,

Newton-like,
MCMC,

Population-based, ...

Analytic
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Optimization methods

Knowledge about f

Finding a weight- Not much A lot
vector w, that

. e h del Combinatorial
minimizes the mode search:

error Brute-force, Algorithmic
Stepwise, MCMC,

Population-based, ...

Type of X

Numeric methods:
Gradient-based,
Continuous Newton-like, Analytic

MCMC,
Population-based, ...
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Optimization methods

Knowledge about f

Finding a weight- Not much A lot

vector w, that
minimizes the model

Combinatorial
search:

error, Brute-force, Algorithmic
in a fairly general Stepwise, MCMC,

Population-based, ...
case

Ml meric methotis
Gradient-based,
Newton-like,

MCMC,
lation-based

Continuous|( Analytic
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Optimization methods

Knowledge about f

Finding a weight- Not much A lot

vector w, that
minimizes the model

Combinatorial
search:

error, Brute-force, Algorithmic
in a very general Stepwise, MCMC,

Population-based, ...
case

Numeric methods:

Continuous Analytic

AACIMP Summer School.
August, 2012



Optimization methods

Finding a weight-
vector w, that
minimizes the model

error,
in many practical
cases

Continuous

Knowledge about f

Not much

A lot

Combinatorial
search:
Brute-force,
Stepwise, MCMC,
Population-based, ...

Algorithmic

Nupgriciagthods:

Gradient-based,
ewton-like

MCMC,
Population-based, ...

Analytic
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Optimization methods

Knowledge about f
Not much A lot

Combinatorial
search:

Brute-force, Algorithmic
Stepwise, MCMC,

Population-based, ...

This lecture

: Gradient-based

Continuous Newton-like,

Population-based, ...
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Minima and maxima

Global maximum

0.5=-
0.0
Local minimum
—[ 5=
_1.|:|-

-1.5=

_2.|:|-
Global minimum
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Differentiability

f(x) = In$%#@wtf!(X) f(x) =b+ cAx

_E.D' llllll
i P P P A I Ay = cAX
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Differentiability

f(xl,xz) = wugaduga(xl,xz)
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f(x1,x2) = b+ c1Axq + c;AX,

2

Ay =~ ¢ 'Ax
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Differentiability

Definition. We call a function f : R”" — R differentiable at point
Xp if there exists ¢(xg) € R™ such that:

Af(xg) = f(xg + AX) — f(xg) = ¢(xy)" Ax + o(Ax)

We call ¢(xg) the gradient or derivative™ of f (at point x¢) and
denote it by:

of(xp)
1) 4

or f'(xg) or Vf(xp)
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The Most Important Observation

Let f be differentiable and let Vf(xg) = ¢ # 0.
Take Ax = .... Then:

f(xg + AX) ~ f(xp) + ¢’ ... < f(xp).

therefore xg can’'t be a minimum of f.
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The Most Important Observation

Let f be differentiable and let Vf(xg) = ¢ # 0.
Take Ax = — pc. Then:

f(xo + AX) ~ f(Xo) + ¢’ (—pe) < f(xp).

therefore xp can’t be a minimum of f.
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The Most Important Observatlon%i!'
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» This small observation gives us everything we
need for now

A nice interpretation of the gradient
An extremality criterion
An iterative algorithm for function minimization
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Interpretation of the gradient — =7
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Interpretation of the gradient — =7

1.0
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Extremality criterion

Theorem (Fermat). Let f be differentiable. Then
Xp IS an extremum = Vf(xg) = 0.

The converse does not hold in general.
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[terative algorithm

I. Pick random point x,

2. fVf(xy) = 0, then we've found an extremum.
3. Otherwise,
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I. Pick random point x,

2. fVf(xy) = 0, then we've found an extremum.
3. Otherwise, make a small step downhill:

X1 < Xg — UoVf(xp)
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[terative algorithm

I. Pick random point x,
2. fVf(xy) = 0, then we've found an extremum.
3. Otherwise, make a small step downhill:
X1 < Xo — UoVf(xo)
4. ... and then another step
Xy < X1 — U Vf(xq)
5. ... and so on until
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Gradient descent

I. Pick random point x,
2. fVf(xy) = 0, then we've found an extremum.

3. Otherwise, make a small step downhill:
X1 < Xo — oV f(x0)

4. ... and then another step
Xy < X1 — U VE(xq)
5. ...and so on until Vf(x,) = 0 or we're tired.

With a smart choice of u; we’ll converge to a minimum
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Gradient descent

X1 < Xg — UoVf(xp)

Xy « X1 — U Vf(xy)
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Gradient descent yinS

Xiv1 < x; — wiVf(x;)
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Gradient descent

Ax;= —p;Vf(x;)
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Gradient descent

Axl-
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Gradient descent (fixed step) %

1.0

0.8+

0.6+

0.4-

0.2+

0.0

=0.2—

0.4

=08

=0.8

=1.0
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Gradient descent (fixed step) %

1.0

0.8+

0.6-

0.4+

0.2+

0.0+

=0.24

0.4

=0.864

=0.8

=1.0
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Example i

Problem. Given a dataset x4,x5,....X, € R”, find w, that
minimizes

fw) = > [x;i —wlf?

=1

Propose an analytical as well as an iterative solution.
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Fw) = > [lx; — wiP?
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Vf(w) = 2n(w — X)
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Example

200

Vf(w) =0
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Example

200

Aw = —uVf(w)

AACIMP Summer School.

August, 2012



Stochastic gradient descent

» Whenever

Fw) = > g(w,x)
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Stochastic gradient descent g

» Whenever

Fw) = > g(w,x)

e.g.
Error(w) = z(modelw(xk) — Yk)z
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Stochastic gradient descent ein
» Whenever

Fw) =) gw,x)
the gradient is also a sum:

TFW) = ) Tg(w, %)
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Stochastic gradient descent
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» Whenever
Fw) = > g(w,x)
the gradient is also a sum:
TFW) = ) Tg(w, %)
» The GD step is then also a sum

Aw; = —Mz Vg(wi, xi)

AACIMP Summer School.
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Stochastic gradient descent bting

» Whenever

Fw) =) gw,x)
the gradient is also a sum:

TFW) = ) Tg(w, %)
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Stochastic gradient descent

» Batch update:
Aw; = —Mz Vg(w;, x)
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Stochastic gradient descent ol

» Batch update:
Aw; = —Mz Vg(wi, xi)

» On-line update:

Aw; = —u'Vg (Wi: xrandom)

AACIMP Summer School.
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Aw = u(x; —w)
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Summary iy

An interpretation of the gradient
An extremality criterion

An iterative algorithm for function
minimization

A stochastic iterative algorithm for
function minimization
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Quiz

» The symbol A is called

» The symbol V is called
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and denotes

and denotes
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Quiz
» Gradient descent:

AWl'
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Quiz
» Gradient descent:

AWl': —

uvyt(w)
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Quiz
» Gradient descent:

AWl'
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Quiz
» Gradient descent:

AWi: —UcC

» Suppose the batch gradient descent step is

AWi — Z(WTxi + |xi|2)e
i
the corresponding stochastic gradient descent
step Is:

AWi =

AACIMP Summer School.
August, 2012



Quiz

» Can bacteria learn?
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Questions?

AACIMP Summer School.

August, 2012



Linear Regression

Konstantin Tretyakov
http:/ /kt.era.ee
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Supervised Learning B’

» Let X and Y be some sets.

» Let there be a training dataset:

D = {(x]_; )71); (Xz, }’2); e (xn: Yn)}
Xi € X, Vi eEY

AACIMP Summer School.
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Supervised Learning 02

» Let X and Y be some sets.

» Let there be a training dataset:

D = {(x]_; )71); (xz, }’2); e (x‘ru Yn)}
Xi € X, Vi eEY

» Supervised learning:

Find a function f: X - Y,

generalizing the dependency
present in the data.
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Classification

» X =R?% Y = {blue, red}
» D = {((1.3,0.8), red), ((2.5,2.3), blue), ... }

» f(xq,x2) = if (x4

X,) > 3 then blue else red
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Regression GBS

12

10

0.8

06 [

0.4}

02

0.0

-0.2F

04 0 0.2 0.4 0.6 0.8 10 12

V) X=R Y=R
» D = {(0.5,0.26), (0.43,0.08), ...}
» f(x) = x?
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Linear Regression i

12

10

0.8

06

0.4}

02

0.0

0.2 F

04 0.0 0.2 04 0.6 0.8 10 12

' X=R Y=R
» D = {(0.5,0.26), (0.43,0.08), ...}
» f(x) = —0.14 + 1.01 x
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Linear Regression

X =R™ Y=R
f(x1, e, X)) = Wo +wixy + -+ WX
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Linear Regression ines

X = Rm, Y =R
f(xll )xm) = Wy + W1 X1 + - 4 WmXm

f(xl: ;xm) = wy + (W, x)
Inner product

AACIMP Summer School.
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Linear Regression i

X =R™ Y =R
f(x1, e, X)) = wWg Hwixy + -+ WX

f(xq, o, X)) = Wy + (W, X)

Xy, o, Xm) =Wy + (Wq, e, Wyy)

Xm
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Linear Regression i

X =R™ Y =R
f(x1, e, X)) = wWg Hwixy + -+ WX

f(xq, o, X)) = Wy + (W, X)

Xy, o, Xm) =Wy + (Wq, e, Wyy)
xm
fxy, e, x) = wy + whx
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Linear Regression

f(x) =wy +whx

AACIMP Summer School.
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Linear Regression

f(x) = wyH whx

Bias term

AACIMP Summer School.
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Linear Regression i

f(x) =wy +whx

X1
f(xg, o, X)) = (W, Wq, we, Wyy)

Xm

AACIMP Summer School.
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Linear Regression

f(x) =wy +whx

f(xl, ,Xm) — (Wo, W1, ...

f(x) =w'x

X1

W)

Xm
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Linear Regression

f(x) =whx

AACIMP Summer School.
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Linear Regression
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WX
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S : > [l 3
Objective Function A
14

05

0.0

| 1 1
-1.0 -0.5 0.0 0.5 10

e; = (f(x;) — yi)?
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Objective Function A

10
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i = (YL YL)Z
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Objective Function

10

05

0.0

e; = (Wx; — y;)°
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Objective Function ""'«\»
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Ep(w) = Z(m Dk
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Objective Function i
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Objective Function

Ep(w) = ) (W'x;

A
»c
—:

Iy

&

A 2
g I 2

[%,]
2- | _ RN | 5
CP& 1632 O

— )’i)z

AACIMP Summer School.
August, 2012



%

|
[
OFNSIS ~°

W —

S
§-1=
—‘N_

%

Objective Function

Eyw) = ) (xfw =)’

(...x,T;....) xIw Yn
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Objective Function

Epw) = ) (xfw— )’

" y

(x7.)| xTw V1
(nxh..)| x5W Y2
(oxl.)| afw Yn

AACIMP Summer School.

August, 2012



Objective Function g

Exw) = ) (x[w~)’
Xw—y
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Objective Function Cne’
T 2
Ep(w) =) (x{w—y)
i

| Xw — y||
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Objective Function

Eyw) = ) (xfw =)’

| Xw — y||?

U

Xw =y

AACIMP Summer School.
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Objective Function

Eyw) = ) (xfw =)’

| Xw — y||

gX‘ly?J
y
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Objective Function

Eyw) = ) (xfw =)’

| Xw — y||

gXer!J
y
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Optimization

argming || Xw — y||*
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Optimization Stk

argminy, > |1 Xw -y’
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Optimization it

argminy, 5 [ Xw — ]2

lall* =a"a

1
5 Xw —y)'(Xw —y)
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Optimization il

argmin,, - [|Xw — y||*

1
5 Xw —y)'(Xw —y)

(a+b)T = (a” + b")

S WTXT —y")(Xw )
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Optimization

%(WTXT -y Xw —y)

a(b+c) =ab + ac

1
> (WIXTXw — yTXw —wiXTy + yTy)
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Optimization il

%(WTXT -y Xw —y)

1
> (WIXTXw — yTXw —wiXTy + yTy)

yI'Xw = wI' X"y = scalar

1
> (WTXTXw — 2yTXw + yTy)
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Optimization

1
E(w) = > W' XTXw —2y"Xw + yTy)
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Optimization i

V(f+g) =Vf+Vg
V(w'Aw) = 24w
V(a'w) = a

VE(w) = X"Xw - X"y

| 2 AACIMP Summer School.
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Optimization

/{.)

1
E(w) = > W' XTXw —2y"Xw + yTy)

VE(w) = X"Xw - X"y
0=X"Xxw-XTy
X'xXw =XxTy
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Optimization
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1
E(w) = > W' XTXw —2y"Xw + yTy)

VE(w) = X"Xw - X"y

0=X"Xxw-XTy
X'xXw =XxTy

w= (XTX)"1XTy

AACIMP Summer School.
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Linear Regression Solution e

w=(XTX)"1xTy
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Linear Regression Solution Ak

w=X"'X)"1x"y

X)
matrix (y)
w =(X.T * X).I * X.T * vy

X = matrix(

pe
|
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Linear Regression Solution g

w =|(XTX)"1XTly

Moore-Penrose
¥ = matrix ( Y ) pseudoinverse

matrix (vy)
w =(X.T * X).I *» X.T * vy

pe
|

AACIMP Summer School.
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Linear Regression Solution Ak

W = (XTX>_1XTy

w=X"y

matrix (X)
matrix (y)

Moore-Penrose
pseudoinverse

(X.T * X).I * X.T * vy

2 [= KX

pinv (X) * vy

AACIMP Summer School.
August, 2012
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Linear Regression & SKLearn

from sklearn.linear model import
LinearRegression

model = LlinearRegression ()
model.fit (X, vVv)

w=(model.intercept ,model.coef )

model.predict (X new)
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Stochastic Gradient Regression

Aw = —u(w'x; — y;)x;
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Stochastic Gradient Regression

Aw = —Ue; X;

A

[
o=
Iy

&
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Stochastic Gradient Regression

Aw = —Ue; X;

from sklearn.linear model import SGDRegressor

model = SGDRegressor (alpha=0, n 1ter=30)
model.fit (X, V)
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Polynomaial Regression

Say we'd like to fit a model:

f(xlle)

= wy + WiXx{ + Woxs + Wax X,
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Polynomaial Regression

Say we'd like to fit a model:

f(xl'xZ)

= wy + WiXxy + Woxs + WaXx X,

Simply transform the features and proceed as

normal:

(x1,%2) = (x1:x%»x1x2)
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Single-variable Polynomial OLS

i

X

n X 1 matrix

= matrix(...)

Add bilas & square features
= hstack ([x**0, x**1, x**2])

Solve for w

= pinv (X) * vy
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Regularization

>
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Ew) = =1 Xw —ylI? 42wl
2
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Regularization g

Ew) = =1 Xw —ylI? 42wl
2

40

£,-loss - £,-penalty

35
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Regularization

1
Ew) =5 1Xw — ]2 J, Awl,

£,-loss

£1-penalty
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Regularization

'/UW‘O

1 2
E(w) = 5\\Xw — y||° 4

£,-loss

£ o-penalty
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Regularization

1
Ew) =5 1Xw = yII2 4 Alwl,

£,-loss £ o-penalty
>>> SGDRegressor?
Parameters
loss : str, 'squared loss' or 'huber'

penalty : str, 'l2' or 'll' or 'elasticnet'
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Regularization g

Ew) = =1 Xw —ylI? 42wl
2

40

£,-loss - £,-penalty
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Ridge regression

L Xw — vyl + 2 2
argmmwzH w —y|* + Al|w]|

w=X'X+2D"X"y

1 0 .. O
1 =L
0O 0 .. 1
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Ridge regression

] 1 X _ 2 2 2
argmin,, =~ [ Xw = y|I? + Alw.|

w=X'X+211,)"X"y

. . 0

The bias term wy Is 0
usually not penalized. :
1
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Exercise

/{.)

Derive an SGD algorithm
for Ridge Regression.
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Effects of Regularization

17
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Training error
Test error
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Quiz

» OLS linear regression searches for a

model that has the best

» Analytic solution for OLS regression:
W =

» Stochastic gradient solution for OLS
regression:
Aw =
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Quiz

» Large number of model parameters and/or
small data may lead to

» We address overfitting by

» “Ridge regression” means __ -loss and -
penalty.

» Analytic solution for Ridge regression:
W =
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August, 2012



[}
QUIZ i

» As we increase regularization strength (i.e.
increase A), the training error

» ... and the test error
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