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So far...

Reasoning by
analogy explains
it all!

(

It is plain old A
statistics and
probability

theory!

It is just basic
optimization!
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Just a bunch of
useful methods
and tools.

It is a branch of
cognitive science!

It is an expanded
version of the
scientific method
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Recall linear regression
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Recall linear regression
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Recall linear regression

y=wlx
E(ylx) =wlx
Y ~wlx + N(0,0%)
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Recall linear regression
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Linear classification

9 = sign(w! x)
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Linear classification Bin
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Linear classification Bin

+1 0 y=-1
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Linear classification Bin
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Linear classitfication «\»
y =sign(5-x —5)
y = sign(5 - (x — 1))

y=-1 0 1 y=+1

——t
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Linear classification i

y = sign(0.5x; + 0.5x,)
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Linear classification it

y = sign(0.5x; + 0.5x,)

Separating line
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Linear classification ik

y = sign(0.5x; + 0.5x,)

Separating hyperplane
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Linear classification it

y = sign(0.5x; + 0.5x,)
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Linear classification i

y = sign(0.5x; + 1.0x,)
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Linear classification i

y = sign(0.5x; + 1.0x, — 0.625)
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Linear classification i

15

Level lines (isolines)
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Linear classification i

y = sign(1.0x; + 2.0x, — 1.250)
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Linear classification i

y = sign(0.5x; + 1.0x, — 0.625)

15
10
05

0.0

_E'EE.'I] -15 -10 -05 @0 05 10 15 2.0

| 2 AACIMP Summer School.
August, 2012



St

Linear classification i

15
10
05

0.0

_E'EE.'I] -15 -10 -05 @0 05 10 15 2.0

| 2 AACIMP Summer School.
August, 2012



Level Lines Ting
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Linear classification i
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Linear classification i

y = sign(0.2x; + 0.5x, — 0.312)

15 f=1
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Linear classification i
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Linear classification ek
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Linear classification Ting
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Linear classification Bin
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Linear classification Bin
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Perceptron

» Start with arbitrary (w, wy)

» Find a misclassified example (x;, y;)
i.e.sigtn(wlx; + wy) # y;

» Update:
W =W+ Y;X;
Wo = Wo T Y;
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Linear classification Ting
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Linear classification Ting
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Linear classification Ting
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Maximal Margin Classifier i
Maximal Margin Classifier
argmax,, m

s.t. no points violate the margin
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Maximal Margin Classifier i

Maximal Margin Classifier

1
drgmadx,,, m

s.t. no points violate the margin

—0.5

-1.0

-15

-2.0
=20 -15 -10 -05 00 05 10 15 20

AACIMP Summer School.
August, 2012



Maximal Margin Classifier i
Maximal Margin Classifier
argmin,, [|w||

s.t. no points violate the margin
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Maximal Margin Classifier i

Maximal Margin Classifier
argmin,, > lw]|?

s.t. no points violate the margin
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Support Vectors it
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Support Vectors it
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What about outliers? Bin
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What about outliers? Bin
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Soft-Margin Error i
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Soft-Margin Classifier

argmin,,,

1

2

Soft Margin Classifier
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Soft Margin Classifier

1
argmin,, = ||w||? Cz(l —y;(w'x; + Wo))+
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Soft-Margin Classifier

Soft Margin Classifier

1
argmin,,|= ||w||? Cz(l —y;(w'x; + Wo))+
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Soft-Margin Classifier

Soft Margin Classifier

1
argmin,,|= ||w||? CZ(l —y;(w'x; + Wo))+

2
= Hinge loss

£,-penalty
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Support Vector Classifier

from sklearn.svm import SVC

m = SVC(C=1l, kernel='linear')
m.f1t (X, V)
m.predict (X new)
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» The smaller is the classifier’s , the
larger is its margin.

» If the point lies exactly on the margin (on the
correct side), it is called
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Quiz

» If you remove all non-support vectors from
the dataset and re-train the model, the
resulting hyperplane will be
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Quiz

» The margin error of a point exactly on the
margin is

» The margin error of a point exactly on the
separating hyperplane is

Margin error
(1= yiwhx; +wyp)),
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The Kernel-based Approach

Nonlinear feature mapping

The Kernel trick

Dual representation
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» Linear regression (OLS, Ridge):
f(x) =wlx +wy
» Linear classification (SVM):
f(x) = sign(wlx + wp)

May 15,2012
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» Linear regression (OLS, Ridge, LASSO, SVR,...):
flx) =wlhx +w,
» Linear classification (SVM, Perceptron, Fisher’s
discriminant, Logistic regression, NB, ...):
f(x) = sign(w!x + wy)
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» Linear regression (OLS, Ridge, LASSO, SVR,...):
f(x) =wlx +wy
» Linear classification (SVM, Perceptron, Fisher’s
discriminant, Logistic regression, NB, ...):
f(x) = sign(w!x + wy)
» PCA, LDA, ICA, CCA...:
Xt = AX
» K-means:
Ci = EXL].

May 15,2012
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Recall polynomial regression

f(x) =wx
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Recall polynomial regression e

x = x' = ¢p(x) = (x,x2 x3)
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Nonlinear feature space g

x = x' = ¢p(x) = (x,x2 x3)
f(x,) = W1 X —+ szz ~+ W3x3

0 2 4 6 g 10
May 15,2012
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X = (,b(X) — (X, X3 —X)
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Nonlinear feature space Ui

f(x) =w'¢(x)
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Support for arbitrary data types

¢ (text) = word counts
¢ (graph) = node degrees
¢ (tree) = path lengths

May 15,2012
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(X1, %5, ...,

Xm) = (X1X1, X1 X5, ...

) XmXm)
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What if the dimensionality is high#

(X1, X9, ey, X)) = (X1X1, X1X2, eory Xy Xy )
0(m?) elements

For all k-wise products: O(mk)

May 15,2012



The Kernel-based Approach

Nonlinear feature mapping

The Kernel trick

Dual representation
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy Xor)
» Consider

(@), 6)) = ) $(XydDy
L
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy Xor)
» Consider

(@), 6 = ) d(X);dO);
L
= 2 XiXjYiYij

L
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy Xor)
» Consider

(@), 6)) = ) $(XydDy
L

= 2 XiXjYilVj = 2 XiYiX;jYj

Lj 1]
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy Xor)
» Consider

(@), 6)) = ) $(XydDy
L

= 2 XiXjYilVj = 2 XiYiX;jYj
ij ij
= 2 XiYi 2 XjYj
i j
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy Xor)
» Consider

(@), 6)) = ) $(XydDy
L

= 2 XiXjYiYj = 2 XiYiXjYj
ij ij
2
= z XiYi 2 XjYj = (z Xi)’i)
i j

L
May 15,2012
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The Kernel Trick e
» Let p(x) = (X1, X1 X9, o) Xy Xor)
>

(P(x), p(¥)) = (x,¥)*




: A
The Kernel Trick i

» Let




The Kernel Trick

What about;
K(x,y) = (x,y) + 0.5(x, y)*?

May 15,2012
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The Kernel Trick

What about;
K(x,y) = (x,y) + 0.5(x, y)

_ 2 x;y; + 0.5 2 bi; ()i (¥)

L L]

May 15,2012



The Kernel Trick

What about;
K(x,y) = (x,y) + 0.5(x, y)*

2 Xiy; + 0, 52 by ()b ()

((xl, ey Xy \/O.lexl, - \/O.Sxmxm),
V1o o Ymo V0.5Y1Y1, o, V0.5 Yim))
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The Kernel Trick 6 S

What about: @

K(x,y) = (x,3) + 0.5(x, )’
2 Xiyi + 0, SEqu(x)qbl,(y)

(xl , X, V0. 5x1x1 V0. Sxmxm)
(1, - Ym'\/O-SY1y1»---:\/O-SYmYm»
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The Kernel Trick
What about;

K(x3) = 1+ (x,3) +5(x,3)? +

L y) + — (x, )47
6 24 '

May 15,2012



The Kernel Trick
What about;

K(x,y) = 2 (x,i!y>
=0

May 15,2012
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The Kernel Trick
What about:

ke =5 E2 oy
1=0

May 15,2012
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The Kernel Trick
What about:

ke =5 E2 oy
1=0

Infinite-dimensional feature space!

MOTHER OF GOD...
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The Kernel Trick

Gaussian (RBF) kernel

K( Kx,y) = )

= exp(—y|lx — y||?)
a2 lx — ¥y
b 202

" (AN

May 15,2012



The Kernel Trick

K(

Exponential kernel

lx =yl

K(x,y) = eXp( 52

|

May 15,2012



http://crsouza.blogspot.com/2010/03/ kernel-functions-for—machine-Iearning.htmI

Kernels

T (z.y) = / sin lx — I
Fr.y) ="y +c ky) = Vllz =yl + ¢ lz =y 6
1
. x —y|* klx.y) =
k(x.y) = (axy + ) ke(w.y) = exp (—%) Ve =yl +e?
Iz ] 2 le—oll, 2l —ul [, (le=oll)’
E(x,y) = exp T og2 k(x.y) = = arccos( ——1) — =~ fl — ( — )
' T T T T \ T
k2 d .
() = S esplalet ) eyl , 1 (=~ )’
k=1 (zy) =1- 5 5 3 - k(x.y) = —log(|lz —y||* + 1)
k(r.y) = tanh{az’y + ¢ ; 1
(. 1) wmh(oce” 4 + ) k(. y) —||i' ny k(z, y) :W
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Structured data kernels

» String kernels
P-spectrum kernels
All-subsequences kernels
Gap-weighted subsequences kernels

» Graph & tree kernels
Co-rooted subtrees
All subtrees
Random walks

May 15,2012



Kernel

» A function K (x,y) is a kernel, if

K(x,y) = {(p(x), ¢(y))

for some feature map ¢.

May 15,2012
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Kernel matrix

» For a given kernel function K and a finite
dataset (x4, X5, ..., X, ) the n X n matrix

Kij = K(xl-,xj)

is called the kernel matrix.

May 15,2012




Kernel matrix

» Let X be the data matrix, then
K = Xx’
is the kernel matrix for the linear kernel

K(x,y) =x"y

May 15,2012
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Kernel matrix

/{.)

» Let X be the data matrix, then
K = Xx’
is the kernel matrix for the linear kernel

K(x,y) =x"y

» Let ¢ be a feature mapping. Then*

K=¢X)pX)"

is the kernel matrix for the corresponding

kernel K (x,y) = (¢(x), $(y)).

May 15,2012
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Kernel theorem

» Not every function K is a kernel!
e.g. K(x,y) = —1isnot

» Not every n X n matrix is a Kernel matrix!

May 15,2012
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Kernel theorem

» Theorem:

K is a kernel function & K is symmetric positive
semidefinite

» A function is positive semidefinite iff for any
finite dataset {x, X5, ..., X, } the corresponding
kernel matrix is positive semidefinite.

May 15,2012



Kernel closure

* Kz, z) = K (@, 2) + Ko(w, 2)

* k(z,z) = ar(z, 2)

* H'(I?E) — hl(ﬁaz) ( )

¥ k(x,z)=flz)f(z) w here f 1s a real-valued function
* kK(z,z) = K3(0(), 0(2))

* k(z,z) = 2! Bz where B is a psd matrix

P. Agius — L3, Spring 2008

May 15,2012



Kernel closure Tyt

% ¢ Xt Xt

Feature Space concatenation

ki(xz,z) + KRa(x, 2)
aky(xz, z)

x, z)Re(x, 2)

)f(z) where f is a real-valued function

3(0(2), 0(2))

' Bz where B is a psd matrix.
P. Agius — L3, Spring 2008

May 15,2012



Kernel closure

% ¢ Xt Xt

P. Agius — L3, Spring 2008

May 15,2012
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Kernel closure Ry
* K(z,z)
* K(z,z)
* kK(z,2)
* k(z,z) = f(2z)f(z) where f is a real-valued function
* kK(z,2) = K3(o(2), 8(2))
* k(z,z) = 2! Bz where B is a psd matrix.

P. Agius — L3, Spring 2008
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Kernel closure ey
* Kz, z) = K1z, 2) + Ka(z, 2)
* K(z,2) = ari(z, 2)
* k(z,z) = ki(x, 2)Ka(2
* k(z,z)=f | cd function
* k(z,z) =Fsz(0(z), 0(2))
* k(z,z) = 2! Bz where B is a psd matrix.

P. Agius — L3, Spring 2008

May 15,2012



The Kernel-based Approach

Nonlinear feature mapping

The Kernel trick

Dual representation
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Dual representation

Consider the linear span of {x, ..., x, }, i.e. the
set of all vectors w of the form

W = Zcxixi — XTa
l

span(vi, vo)



Dual representation e

Whenever

W = Zcxixi — XTa
l

we shall refer to a as the dual representation
of w.

AACIMP Summer School.
August, 2012



Dual coordinates

Let

Then

w=X«a
u=X'p

2W =

May 15,2012




Dual coordinates

Let
w=X"a
u=X'p
Then
2w = X'(2a)

May 15,2012




Dual coordinates

Let
w=X"a
u=X'p
Then
2w = X'(2a)
W+u=

May 15,2012




Dual coordinates

Let
w=X"a
u=X'p
Then
2w = X'(2a)

w+u=X (a+p)

May 15,2012




Dual coordinates

Let

Then

w=X«a
u=X'p

2w = XT'(2a)
w+u=X"(a+B)
(w,u) =

May 15,2012
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Dual coordinates

.7“
G

Let
w=X"a
u=X'p
Then
2w = XT'(2a)

w+u=X'(a+ )
w,u) =wlu=a’XX’g = a' Kp

May 15,2012



Dual coordinates

Let
w=X"a
u=X'p
Then
2w = XT'(2a)

w+u=X'(a+ )

w,u) =wlu=a’XX’g = a' Kp

lw — ul|* =

May 15,2012
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Dual coordinates

> =1
& om

W
?

Let
w=X"a
u=X'p
Then
2w = XT'(2a)

w+u=X"(a+p)
w,u)=wlu=a’XX’"g = a' Kp
lw—ull* =(w—uw-—u) =--

May 15,2012
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Dual coordinates

P |

N |
& om
2

Let
w=X'«a
u=X'p
Then
_ xT i
2w =X"(2a) NOT BAD

w+u=X"(a+p)
w,u)=wlu=a’XX’"g = a' Kp
lw—ull* =(w—uw-—u) =--

May 15,2012



So what?
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The Representer Theorem

i
Cm
W

i

N

w

-
.7“
o,

The SVM weight vector lies in the span of the
data points,i.e.

W = Zcxixi = XTa
[

for some a = (051» Ao, ..., an)T

AACIMP Summer School.
August, 2012
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The Representer Theorem iin S

The SVM weight vector lies in the span of the
data points,i.e.

W = Zcxixi = XTa
[

for some a = (al, Ao, ..., an)T

* Easy to prove

* Actually holds for pretty much any
linear model with £,-penalty.

AACIMP Summer School.
August, 2012
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Example

» Recall OLS regression:

W =

AACIMP Summer School.
August, 2012



Example

» Recall OLS regression:

X'y
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Example

» Recall OLS regression:

w=X"y
w = XT(XXT)*y

AACIMP Summer School.
August, 2012



Example

» Recall OLS regression:
w=X"y

w = XT(XXT)*y
w = XT[(XX")*y]

AACIMP Summer Schoo
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Example

» Recall OLS regression:

w=X"y
w = XT(XXT)*y
w=X"[(XX")*y]
w=Xa

ANN

()
~
S_1
7’“
%, |

kG
=
-
"‘\”
OO

SIS

AACIMP Summer School.

August, 2012



Kernelization

1

X; = P(x;)

Nonlinear feature mapping

AACIMP Summer School.
August, 2012
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Kernelization
7. x> p(x;) Nonlinear feature mapping
2

w = z a;¢p(x;) Dual representation
i
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Kernelization

x; = ¢(x;) Nonlinear feature mapping

2
w = z a;¢p(x;) Dual representation
i

3.

F(2) = (W, $(2)) +wo = <Z aiqb(xi),qs(z)) +wo =

l

=) akdp(x), (@) +wy

l

= z a;K(x;,z) +wy  The Kernel trick
i

AACIMP Summer School.
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Example

» Recall OLS regression:

w=X"y
w = XT(XXT)*y
w=X"[(XX")*y]
w=Xa

ANN

()
~
S_1
7’“
%, |

kG
=
-
"‘\”
OO

SIS

AACIMP Summer School.

August, 2012



Example

» Recall OLS regression:

w=X"y
w = XT(XXT)*y
w=X"[(XX")*y]
w=X«a
a=K'y=K1ly

ANN

()
~
S_1
7N
%, |

kG
=
-
"\”
OO

SIS

AACIMP Summer School.
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Kernelization: Summary

» Take a linear learning algorithm
X,y > w,wg

» Rewrite it to use only inner products of data
points and return the dual representation of w
K, y — A, Wy

» Plug in any kernel and play!

» Congratulations, you’'ve got a nonlinear model!

May 15,2012



Quiz
The three ingredients of kernel methods:
4

4
4

» Function/matrix K is a kernel function/matrix
iff it is

» Dual representation: =

May 15,2012



Quiz

Those algoritms have kernelized versions:

May 15,2012
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Questions?
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