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? 



• Localization 

• Mapping 

• “SLAM” 
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Three general problems 



• Localization 

• Mapping 

• “SLAM” 
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Our topic 
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Current position (actual, unknown) 
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Movement command 

x[1] 

New current position (still unknown) 
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Movement command 

x[1] 

New current position (still unknown) 
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(Temporal) Bayesian Network 
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Pr⁡[𝑋] 

Pr⁡[𝑌|𝑋] 
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X 

Y 

Pr⁡[𝑋] 

Pr⁡[𝑌|𝑋] 

Pr X, Y = Pr X ⋅ Pr⁡[𝑌|𝑋] 

Probabilistic model 
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𝑋 ∈ {1,2,3,4,5} 
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𝑋 ∈ {1,2,3,4,5} 

Pr 𝑋 = 4 = 0.1 

Pr 𝑋 = 1 = 0.1 

Pr 𝑋 = 𝟑 = 𝟎. 𝟔 

Pr 𝑋 = 2 = 0.1 

Pr 𝑋 = 5 = 0.1 
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𝑋 ∈ {1,2,3,4,5} 
0.1 0.1 0.6 0.1 0.1 

𝑌 ∈ {dark, light} 
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𝑋 ∈ {1,2,3,4,5} 
0.1 0.1 0.6 0.1 0.1 

𝑌 ∈ {dark, light} 

Pr 𝑌 = dark 𝑋 = 1 = 0.2 

Pr 𝑌 = dark 𝑋 = 2 = 0.9 

Pr 𝑌 = dark 𝑋 = 3 = 0.5 
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𝑌 ∈ {dark, light} 

Pr dark⁡ ⁡2 =? 
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𝑌 ∈ {dark, light} 

Pr light =? 
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𝑋 ∈ {1,2,3,4,5} 
0.1 0.1 0.6 0.1 0.1 

20% 
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90% 
dark 

50% 
dark 

90% 
dark 

20% 
dark 

𝑌 ∈ {dark, light} 

Pr 2⁡|⁡light =? 
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𝑋 ∈ {1,2,3,4,5} 
0.1 0.1 0.6 0.1 0.1 

20% 
dark 

90% 
dark 

50% 
dark 

90% 
dark 

20% 
dark 

𝑌 ∈ {dark, light} 

Pr 2⁡|⁡dark =⁡? 
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Pr 𝑋, 𝑌 = Pr 𝑌 Pr⁡[𝑋|𝑌] 
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Pr 𝑋|𝑌 =⁡? 

Pr 𝑋, 𝑌 = Pr 𝑌 Pr⁡[𝑋|𝑌] 
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Pr 𝑋|𝑌 =
Pr X, Y

Pr Y
 

Pr 𝑋, 𝑌 = Pr 𝑌 Pr⁡[𝑋|𝑌] 
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Pr 𝑋|𝑌 =
Pr Y|X Pr[X]

Pr Y
 

Pr 𝑋, 𝑌 = Pr 𝑌 Pr⁡[𝑋|𝑌] 



The Bayes Rule 
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Pr 𝑋|𝑌 =
Pr Y|X Pr[X]

Pr Y
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Pr 𝑋|𝑌 =
Pr Y|X Pr[X]
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“Prior” 
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Pr 𝑋|𝑌 =
Pr Y|X Pr[X]

Pr Y
 

“Prior” 
“Posterior” 
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Pr 𝑋|𝑌 =
Pr Y|X Pr[X]

Pr Y
 

“Prior” 
“Posterior” 

“Observation likelihood” 
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𝑋 ∈ {1,2,3,4,5} 
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I observed “dark”. 
Where am I? 
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𝑋 ∈ {1,2,3,4,5} 
0.1 0.1 0.6 0.1 0.1 

20% 
dark 

90% 
dark 

50% 
dark 

90% 
dark 

20% 
dark 

𝑌 ∈ {dark, light} 

I observed “light”. 
Where am I? 
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𝑿𝟏 
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Move right 
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𝑿𝟏 

𝒀𝟏 

𝑿𝟐 

𝒀𝟐 

Move right 

I observed “dark” then “light”. 
Where am I now? 
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𝒀𝟐 

Move right 

𝑷𝒓[𝑿𝟐|𝒀𝟏 = 𝐝𝐚𝐫𝐤, 𝒀𝟐 = 𝐥𝐢𝐠𝐡𝐭] 
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𝑿𝟏 

𝒀𝟏 
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Move right 

𝑷𝒓[𝑿𝟐|𝒀𝟏 = 𝐝𝐚𝐫𝐤, 𝒀𝟐 = 𝐥𝐢𝐠𝐡𝐭] 

Pr⁡[𝑋1] 
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𝑿𝟏 

𝒀𝟏 

𝑿𝟐 

𝒀𝟐 

Move right 

𝑷𝒓[𝑿𝟐|𝒀𝟏 = 𝐝𝐚𝐫𝐤, 𝒀𝟐 = 𝐥𝐢𝐠𝐡𝐭] 

Pr⁡[𝑋1|𝑌1] 



Probabilistic Localization,  AACIMP 2013, Kyiv 

𝑿𝟏 𝑿𝟐 

𝒀𝟐 

Move right 

𝑷𝒓[𝑿𝟐|𝒀𝟏 = 𝐝𝐚𝐫𝐤, 𝒀𝟐 = 𝐥𝐢𝐠𝐡𝐭] 

Pr⁡[𝑋1|𝑌1] 
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𝑿𝟏 𝑿𝟐 

𝒀𝟐 

Move right 

𝑷𝒓[𝑿𝟐|𝒀𝟏 = 𝐝𝐚𝐫𝐤, 𝒀𝟐 = 𝐥𝐢𝐠𝐡𝐭] 

Pr⁡[𝑋1|𝑌1] Pr⁡[𝑋2|𝑌1] 
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𝑿𝟐 

𝒀𝟐 

𝑷𝒓[𝑿𝟐|𝒀𝟏 = 𝐝𝐚𝐫𝐤, 𝒀𝟐 = 𝐥𝐢𝐠𝐡𝐭] 

Pr⁡[𝑋2|𝑌1] 
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𝑿𝟐 

𝒀𝟐 

𝑷𝒓[𝑿𝟐|𝒀𝟏 = 𝐝𝐚𝐫𝐤, 𝒀𝟐 = 𝐥𝐢𝐠𝐡𝐭] 

Pr⁡[𝑋2|𝑌1, 𝑌2] 



Bayesian Filtering 

• Initialize prior distribution Pr⁡[𝑋] 

• Repeat forever: 

– Observe 𝒚 

• Pr 𝑋 𝒚 ∝ Pr 𝒚 𝑋 ⋅ Pr⁡[𝑋], then normalize 

– Move 

• Pr[newX] :=
 Pr newX oldX ⋅ Pr⁡[oldX|𝒚]oldX  
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Discrete Bayesian Filtering 

• Initialize prior distribution vector 𝑝 

• Repeat forever: 

– Observe 𝒚,     then for all 𝒊 

• 𝑝 𝑖 ≔ 𝑝 𝑖 ⋅ Likelihood(𝑦|𝑖) 

• 𝑝 𝑖 ≔ 𝑝[𝑖]/sum(𝑝) 

– Move,      i.e. for all 𝒊 

• 𝑝 𝑖 ≔  𝑝 𝑗 ⋅ MoveProbability(𝑗 → 𝑖)𝑗  
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Continuous Bayesian Filtering 

• Initialize distribution function 𝑓 

• Repeat forever: 

– Observe 𝒚,    then for all 𝒙 

• 𝑓(𝑥) ≔ 𝑓(𝑥) ⋅ Likelihood(𝑦|𝑥) 

• 𝑓(𝑥) ≔ 𝑓(𝑥)/∫ 𝑓 𝑥 𝑑𝑥 

– Move,    i.e. for all 𝒙 

• 𝑓(𝑥) ≔ ∫ 𝑓(𝑧) ⋅ MoveProbability 𝑧 → 𝑥 𝑑𝑧
𝑧
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Continuous Bayesian Filtering 

• Initialize distribution function 𝑓 

• Repeat forever: 

– Observe 𝒚,    then for all 𝒙 

• 𝑓(𝑥) ≔ 𝑓(𝑥) ⋅ Likelihood(𝑦|𝑥) 

• 𝑓(𝑥) ≔ 𝑓(𝑥)/∫ 𝑓 𝑥 𝑑𝑥 
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How to handle non-discrete 
distributions? 
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How to handle non-discrete 
distributions? 

• Parameterized function families 

• Population-based representation 
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How to handle non-discrete 
distributions? 
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𝑿 

𝒀 

𝑋 ∈ ℝ 
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𝑿 

𝒀 

𝑋 ∈ ℝ 

Position 
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𝑿 

𝒀 

𝑋 ∈ ℝ 

Position 

𝒙 = −𝟐 
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𝑿 

𝒀 

𝑋 ∈ ℝ 

Position 

𝒙 = −𝟓 
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𝑋 ∈ ℝ 

Position 

Pr 𝑋 = 𝑥 =𝛼 exp −
1

2

𝑥 − 𝜇

𝜎

2

⁡  
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𝑋 ∈ ℝ 

Position 

Pr 𝑋 = 𝑥 =𝛼 exp −
1

2

𝑥 − 𝜇

𝜎

2

⁡  

𝜇 
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𝑋 ∈ ℝ 

Position 

Pr 𝑋 = 𝑥 =𝛼 exp −
1

2

𝑥 − 𝜇

𝜎

2

⁡  

𝜇 

𝜎 𝜎 
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𝑋 ∈ ℝ 

Pr 𝑋 = 𝑥 =𝛼 exp −
1

2

𝑥 − 𝜇

𝜎

2

⁡  

𝜇 

𝜎 𝜎 
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𝑋 ∈ ℝ 

Pr 𝑋 = 𝑥 =𝒩(𝜇, 𝜎2) 

𝜇 

𝜎 𝜎 
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𝑋 ∈ ℝ 

Pr 𝑋 = 𝑥 =𝒩 𝜇, 𝜎2  

𝜇 

𝜎 𝜎 

𝑿 

𝒀 
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𝑋 ∈ ℝ 

Pr 𝑋 = 𝑥 =𝒩 𝜇, 𝜎2  

𝜇 

𝜎 𝜎 

𝑿 

𝒀 Pr 𝑌|𝑥 = ? 
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𝑋 ∈ ℝ 

Pr 𝑋 = 𝑥 =𝒩 𝜇, 𝜎2  

𝜇 

𝜎 𝜎 

𝑿 

𝒀 Pr 𝑌|𝑥 =𝒩(𝑥, 𝜏2) 
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𝑋 ∈ ℝ 

𝒩 𝜇, 𝜎2  
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𝑋 ∈ ℝ 𝒙 = 𝟔 
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𝑋 ∈ ℝ 

𝒩 𝑥, 𝜏2  

𝒙 = 𝟔 
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𝑋 ∈ ℝ 

𝒩 𝑥, 𝜏2  

𝒚 = 𝟕 
𝒙 = 𝟔 
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𝑋 ∈ ℝ 

𝒩 𝑥, 𝜏2  

𝒚 = 𝟕 
𝒙 = 𝟔 

I observed my position at 7. 
Where am I actually? 
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𝑋 ∈ ℝ 

𝒩 𝑥, 𝜏2  

𝒚 = 𝟕 
𝒙 = 𝟔 

Pr 𝑥 𝑦 = 7 =⁡? 
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𝑋 ∈ ℝ 

𝒩 𝑥, 𝜏2  

𝒚 = 𝟕 
𝒙 = 𝟔 

Pr 𝑥 𝑦 = 7
∝ Pr 7 𝑥 Pr⁡[𝑥] 
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𝑋 ∈ ℝ 

𝒩 𝑥, 𝜏2  

𝒚 = 𝟕 
𝒙 = 𝟔 

Pr 𝑥 𝑦 = 7

∝ exp −
1

2

7 − x 2

𝜏2
Pr⁡[𝑥] 
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𝑋 ∈ ℝ 

𝒩 𝑥, 𝜏2  

𝒚 = 𝟕 
𝒙 = 𝟔 

Pr 𝑥 𝑦 = 7

∝ exp −
1

2

7 − x 2

𝜏2
exp −

1

2

𝑥 − 𝜇 2

𝜎2
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𝑋 ∈ ℝ 

𝒩 𝑥, 𝜏2  

𝒚 = 𝟕 
𝒙 = 𝟔 

Pr 𝑥 𝑦 = 7 ∝ exp −
1

2

x − 𝜇new
2

𝜎new
2  
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𝑋 ∈ ℝ 𝒚 = 𝟕 
𝒙 = 𝟔 

Pr 𝑥 𝑦 = 7 ∝ exp −
1

2

x − 𝜇new
2

𝜎new
2  



Probabilistic Localization,  AACIMP 2013, Kyiv 

Pr 𝑋 = 𝑥 =𝒩 𝜇, 𝜎2  𝑿 

𝒀 Pr 𝑌|𝑥 =𝒩(𝑥, 𝜏2) 
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Pr 𝑋 = 𝑥 =𝒩 𝜇, 𝜎2  𝑿 

𝒀 Pr 𝑌|𝑥 =𝒩(𝑥, 𝜏2) 

Pr 𝑋|𝑦 =𝒩(𝜇new, 𝜎new
2 ) 
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Pr 𝑋|𝑦 =𝒩(𝜇new, 𝜎new
2 ) 

𝜇𝑛𝑒𝑤 =
𝜇𝜎−2 + 𝑦𝜏−2

𝜎−2 + 𝜏−2
 

𝜎𝑛𝑒𝑤 =
𝜎2𝜏2

𝜎2 + 𝜏2
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𝑿𝟏 

𝒀𝟏 

𝑿𝟐 

𝒀𝟐 

Move right 

𝒩(𝜇, 𝜎2) 
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𝑿𝟏 𝑿𝟐 

𝒀𝟐 

Move right 

𝒩(𝜇𝑛𝑒𝑤, 𝜎𝑛𝑒𝑤
2 ) 
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𝑿𝟏 𝑿𝟐 

𝒀𝟐 

Move right 

𝒩(𝜇𝑛𝑒𝑤, 𝜎𝑛𝑒𝑤
2 ) 

(Δ𝜇, 𝜎𝑚𝑜𝑣𝑒
2 ) 
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𝑿𝟐 

𝒀𝟐 

𝒩(𝜇𝑛𝑒𝑤 + Δ𝜇, 𝜎𝑛𝑒𝑤
2 + 𝜎𝑚𝑜𝑣𝑒

2 ) 



(One-dimensional) Kalman filtering 

• Initialize (𝜇, 𝜎2) 

• Repeat forever: 

– Observe 𝒚,    then 

• 𝜇 ≔
𝜎−2𝜇+𝜏−2𝑦

𝜎−2+𝜏−2
      𝜎2 ≔

𝜎2𝜏2

𝜎2+𝜏2
 

– Move 

• 𝜇 ≔ 𝜇 + Δ𝜇      𝜎2 ≔ 𝜎2 + 𝜎𝑚𝑜𝑣𝑒
2  
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How to handle non-discrete 
distributions? 

• Parameterized function families 

• Population-based representation 
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𝒩 𝜇, 𝜎2  
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Measurement 
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Measurement 

Likelihood 
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Measurement 

Likelihood 
Updated belief 
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Measurement 

Likelihood 
Updated belief 



Particle filtering 

• Initialize set of particles 

• Repeat forever: 

– Observe 𝒚,  

• Compute likelihood for each particle 

• Resample particles 

– Move 

• Add movement vector + noise to each particle 
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Summary 
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Bayesian 
filtering 

Discrete 
Bayesian 
filtering 

Kalman 
filtering 

Particle 
filtering 
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 𝑥 𝑡 + 1 = 𝑨𝑥 𝑡 + 𝑩𝑢[𝑡] 
        𝑦[𝑡] = 𝑪𝑥 𝑡 + 𝑫𝑢[𝑡] 

𝒚 = 𝒉 ∗ 𝒖 𝒚 (𝑧) = 𝒉 𝑧 𝒖 (𝑧) 

𝑦 𝑖 = 𝛼0𝑢 𝑖 + 𝛼1𝑢 𝑖 − 1 + 

𝑿𝟏 

𝒀𝟏 

𝑿𝟐 

𝒀𝟐 


